Half integer values of harmonic numbers and reciprocal binomial squared coefficients sums are investigated in this paper. Closed form representations and integral expressions are developed for the infinite series.
Introduction
In this paper we will develop new families of identities of the form for n ∈ N. Choi [4] recently, in terms of log-sine functions gave the definition An unusual, but intriguing representation has recently been given by Ciaurri et. al. [6] as follows:
Let R and C denote, respectively, the sets of real and complex numbers. We define harmonic numbers at half integer values as H n− 1 2 , which may be expressed in terms of the digamma (or Psi) function ψ(z), z ∈ R and the Euler-Mascheroni constant, γ as H n−
is defined, in terms of the familiar (Euler's) gamma function, by
which, in the special case when µ = n, n ∈ N 0 , yields
where (λ) ν (λ, ν ∈ C) is the Pochhammer symbol defined, also in terms of the gamma function, by
it being understood conventionally that (0) 0 := 1 and assumed that the Γ-quotient exists. A generalized harmonic number H (m) n of order m is defined, for positive integers n and m, as follows:
and H (m) 0
In the case of non integer values of the argument z = r q , we may write the generalized harmonic numbers, H (α+1) z , in terms of polygamma functions
where ζ (z) is the zeta function. We also define
The evaluation of the polygamma function ψ (α) r a at rational values of the argument can be explicitly done via a formula as given by Kölbig [8] , or Choi and Cvijovic [2] in terms of the polylogarithmic or other special functions. Some specific values are given as follows:
many others are listed in the books [14] , [20] and [21] . While there are many results for sums of harmonic numbers with positive terms, see for example, [1] , [3] , [5] , [9] , [7] , [10] , [11] , [12] , [13] , [15] , [18] , [19] , [22] , [23] , [24] and references therein. There are no results, that the author is aware of, for sums of the type (1).
The following lemma will be useful in the development of the main theorems.
is the integer part of x. We also have the known results, for 0 < t ≤ 1,
and when t = 1,
where
.91596 is Catalan's constant.
Proof. The proof of (4) is given in the paper [16] .
Firstly (5) and (6) are standard known results. Next from the definition (3),
Similarly
Lemma 1.2. Let r ∈ N, then we have the recurrence relation
with solution
and
, with solution
Proof. The proof of (9) and (10) are detailed in the paper [17] . Next, by a change of counter, we consider (11) and write
From lemma 1.1 and using the known results
which, for r ≥ 1, results in the recurrence relation (11) . By the subsequent reduction of the V (r) , V (r − 1) , V (r − 2) , ..., V (1) terms in (16), we arrive at the identity (12).
It is of some interest to note that V (r) may be expanded in a slightly different way so that it gives rise to another unexpected harmonic series identity. This is pursued in the next lemma.
Lemma 1.3. For r ∈ N, we have the identity
For r = 0
Proof. By expansion
and by rearrangement
where V (r) is given by (10) .
From (2) we can write, for r = 0
Here Φ (z, t, a) =
t is the Lerch transcendent defined for |z| < 1 and R (a) > 0 and satisfies the recurrence
The Lerch transcendent generalizes the Hurwitz zeta function at z = 1, z m m t , t ∈ C when |z| < 1; R (t) > 1 when |z| = 1.
It is possible to represent the alternating harmonic number sums (14) , (15) and (16) in terms of an integral, this is developed in the next theorem.
Theorem 2.3. Let k ∈ N, then we have:
where U (r) is given by (10) and V (r) is given by (12) .
Proof. From (2) we can write
hence (17) and (18) follows.
Similar integral representations can be evaluated for M (k, 1) and M (k, 2) , the results are recorded in the next theorem. 
